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Severa l  d e v e l o p m e n t s  of the  d y n a m i c a l  t h e o r y  wh ich  can  
be app l ied  to a d i s to r t ed  c rys ta l  h a v e  been  pub l i shed  
(Cowley & Moodie,  1957; K a t e ,  1960, 1962; H o w i e  & 
W h e l a n ,  1960, 1961 and  1962) a n d  some of t h e m  h a v e  
been  successful ly  app l i ed  to expla in  some fea tures  in the  
images  of d is locat ions  in e lec t ron  m i c r o g r a p h s  or X - r a y  
d i f f rac t ion  topographs .  H o w e v e r ,  these  theor ies  are  based  
on the  ' l amel la r '  a p p r o a c h  w h i c h  in p rac t i ce  conf ines  
its app l i ca t ion  to a d i s to r t ion  wh ich  depends  on ly  on 
one coord ina te ,  i.e. to  a c rys ta l  wh ich  can  be d iv ided  
in to  a set  of l amel lae  each  of wh ich  has  a pe r fec t  two-  
d imens iona l ly  per iodic  s t r u c t u r e  wh ich  m a y ,  however ,  
differ  f rom lamel la  to lamel la .  H o w i e  & W h e l a n  (1960, 
1961) h a v e  avo ided  this  res t r i c t ion  b y  i n t r o d u c i n g  the  
' co lumn '  a p p r o x i m a t i o n  (Hirsch,  H o w i e  & W h e l a n ,  1960), 
i.e. t h e y  d iv ided  the  c rys ta l  in to  co lumns  n e a r l y  per-  
p e n d i c u l a r  to t he  lamel lae  a n d  app l ied  the  t h e o r y  to  
each  c o l u m n  ind iv idua l ly .  F o r  e lec t ron  waves  whe re  t he  
Bragg  angle  is smal l  a n d  the  c rys t a l  th in ,  this  approx-  
ima t ion  is good e n o u g h  for p rac t i ca l  purposes ,  as will  
be seen below,  b u t  it  could  n o t  be app l ied  for X - r a y s  
excep t  to  some  s imple  d is tor t ions .  A n e w  d e v e l o p m e n t  
e x t e n d i n g  the  d y n a m i c a l  t h e o r y  to  inc lude  a n y  smal l  
d i s to r t ion  inside the  c rys ta l  is he re  ou t l ined .  

I n  the  E w a l d - L a u e  t h e o r y  for a per fec t  c rys ta l ,  a w a v e  
field in t he  c rys ta l  is expressed  by  a Bloch func t ion  as 

y~(r) = 2 '  ~h exp ( -- 2~rikh. r)  , ( l)  
h 

w h e r e  h is a rec iproca l - la t t i ce  vec tor ,  ka 's  are  the  w a v e  
vec tors  c o n n e c t e d  wi th  each  o the r  by  the  r e l a t i on  

kh = ko + h ,  (2) 

a n d  ~vh is i n v a r i a n t  w i th  respec t  to t he  space coord ina tes .  
T h e  w a v e  a c t u a l l y  exc i t ed  in the  c rys ta l  by  t he  inc iden t  
w a v e  can  be expressed  by  a s u m  of two or  more  of these  
w a v e  fields wi th  s l ight ly  d i f fe ren t  va lues  of k 0. As a 
resul t ,  t he  inc iden t  a n d  d i f f r ac ted  waves  show a k ind  of 
bea t  effect  or a m p l i t u d e  (and phase)  m o d u l a t i o n  ( 'Pende l -  
15sung' effect  (Ewaht ,  1933; K a t e  & Lang ,  1959)). 

I n  the  p r e sen t  t heo ry ,  t he  w a v e  in the  c rys ta l  is 
expressed  by  a single sum (1), b u t  now ~vh is cons ide red  
as a s lowly v a r y i n g  h m c t i o n  of pos i t ion  ins tead  of be ing  
a cons t an t .  This  al lows a single ~h to r ep re sen t  all t he  
possible m o d u l a t i o n s  of t he  h t h  d i f f rac ted  w a v e  inside 
the  crys ta l .  I t  also gives a s l ight  a m b i g u i t y  to t he  defini-  
t ion  of k 0 wh ich  is now left  to an  a p p r o p r i a t e  ini t ia l  choice.  
A c o n v e n i e n t  choice is t h a t  k 0 satisfies the  t angen t i a l  
c o n t i n u i t y  cond i t ion  w i th  t he  inc iden t  w a v e  vec to r  a t  
the  e n t r a n c e  surface  and  its m a g n i t u d e  is 

[kol = k = n K ,  (3) 

w h e r e  K is the  w a v e  n u m b e r  in v a c u u m  a n d  n is the  m e a n  
re f rac t ive  index.  The  c rys ta l  po t en t i a l  z ( r ) =  V(r)/E, 
V(r) be ing  the  e lec t ros ta t ic  po t en t i a l  in the  c rys ta l  and  
E the  acce le ra t ing  vo l tage  of t he  e lec t ron ,  can  be ex- 
p a n d e d  in a Fou r i e r  series based  on the  rec iproca l - la t t ice  
vec tors  of the  u n d i s t o r t e d  crys ta l ,  as long as the  d i s to r t ion  

is so s l ight  t h a t  a t o m s  wi th in  a single un i t  cell can  be  
r e g a r d e d  as un i fo rmly  displaced.  The  coeff ic ient  Zh, still  
g iven  by  

f Y.h = 1/V 7.(r) exp (2.nih. r ) d r ,  (4) 
cell 

w h e r e  v is the  v o l u m e  of a u n i t  cell, has  phase  v a r y i n g  
s lowly f rom po in t  to po in t  in the  crys ta l ,  its m a g n i t u d e  
r e m a i n i n g  cons tan t .  

Vv'e m a y  subs t i t u t e  the  w a v e  func t ion  (1) w i th  s lowly 
v a r y i n g  y~n(r) in to  the  SehrSdinger  equa t ion .  If  we t h e n  
assume  t h a t  (a), bo th  zn(r) and  ~n(r) are  c o n s t a n t  wi th in  
a un i t  cell, and  tha t ,  (b), V2~0h(r) is negl igible  c o m p a r e d  
wi th  t e rms  p ropor t iona l  to ~vh(r) or  the i r  first  der iva t ives ,  
owing to the  slow va r i a t ion  of these  funct ions ,  we ob ta in  
the  fol lowing s imu l t aneous  d i f ferent ia l  equa t ions  

eg,n(r)/esn = i2.nKflay~h(r)-ink ,~  7.n-n'(r)y~h'(r); (5) 
h':l: h 

here  ~/~Sh signifies d i f fe ren t i a t ion  wi th  respec t  to the  
space coord ina t e  para l le l  to  the  d i rec t ion  of kh, and  flh 
the  resonance  e r ror  def ined  by 

flh = (1/2K 2) (k~ - k 2) (6) 

ind ica t ing  the  dev ia t ion  f rom the  exac t  fu l f i lment  of the  
Bragg  cond i t ion  for t he  la t t ice  p l ane  h (half of t h a t  
def ined  by  Laue  (1960)). A s imilar  set  of equa t ions  is 
ob t a ined  for X - r a y s  wi th  a s l ight  compl ica t ion  on a c c o u n t  
of the  vec to r  c h a r a c t e r  of the  wave .  

The  va l i d i t y  of the  a s sumpt ion  (a) is ev iden t  for a 
s l ight ly  d i s to r t ed  crys ta l .  The  exac t  proof  of va l id i ty  
of (b) is n o t  easy.  H o w e v e r ,  for a per fec t  c rys ta l  w i th  a 
p l ane  w a v e  inc ident ,  (b) cor responds  to the  a s s u m p t i o n  
t h a t  the  d i f ference  in the  n o r m a l  c o m p o n e n t s  of the  
w a v e  vec tors  of co r r e spond ing  waves  in v a c u u m  a n d  in 
t he  c rys ta l  is negl igible  c o m p a r e d  wi th  the  n o r m a l  
c o m p o n e n t  itself. This  a s s u m p t i o n  is ve ry  well  sat isf ied 
in usua l  e x p e r i m e n t a l  condi t ions  for bo th  X - r a y s  a n d  
e lec t rons  excep t  w h e n  the  w a v e  vec to r  is a lmos t  para l le l  
to  the  surface.  H e n c e  this  a s s u m p t i o n  wou ld  n o t  be a 
serious obs tac le  to the  app l ica t ion  of the  t h e o r y  to s l ight ly  
d i s to r t ed  crysta ls .  

E q u a t i o n  (5) inc ludes  the  resul t  ob t a ined  b y  the  
l amel la r  t h e o r y  as a special  case. W h e n  zMr) and  there-  
fore ~vh(r) d e p e n d  only  on one coord ina t e  n o r m a l  to 
the  e n t r a n c e  surface,  say  z, (5) reduces  to 

d~vMz)/dz = i2~(K/yh)[l~V,h(z) -- i~(K/'/h) ,:~" 7.h-Mz)~h'(z) (7) 
h':g h 

w h e r e  y~ is the  cosine of the  angle  b e t w e e n  kh and  the  
z-axis. This  e q u a t i o n  is essent ia l ly  the  same  as t h a t  g iven 
by  the  l amel la r  t h e o r y  (S turkey ,  1960; H o w i e  & W h e l a n ,  
1960, 1961). 

The  solu t ion  of (5) in this  genera l  fo rm m a y  be ve ry  
diff icult .  H o w e v e r ,  in the  case of two s t rong  waves ,  wh ich  
is t he  m o s t  i m p o r t a n t  in the  d i f f rac t ion  p rob lem,  two  
possible m e t h o d s  of so lu t ion  are  p resen t .  Fo r  two waves  
(5) r educes  to 
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~V,o(r)/~So = - i:rK79i(r)v/n(r) , [ 
~Y~n (r)/~sh = -- izrKZh(r)y,o(r) + i2:rKflh~,h (r) I 

(8) 

which  h o l d  also for  X- r ays ,  if zh(r) is r e a d  as t h e  F o u r i e r  
coef f ic ien t  of 4.~ t i m e s  t he  po la r i zab i l i t y  of t h e  c rys t a l  
w i t h  a p p r o p r i a t e  p o l a r i z a t i o n  fac to r .  T h e  b o u n d a r y  
c o n d i t i o n s  a t  t h e  e n t r a n c e  su r face  are  e x p r e s s e d  in 
s imi la r  f o r m  as in t he  o r d i n a r y  t h e o r y ,  n a m e l y  

V,o(re) = To(re ) | 
y'h(re) 0 ] (9) 

w h e r e  re is a p o s i t i o n  v e c t o r  on  t h e  e n t r a n c e  sur face ,  a n d  
T0(re ) t h e  a m p l i t u d e  of  t h e  i n c i d e n t  w a v e  in v a c u u m .  
T h e  f ac t  t h a t  b o t h  s ides  of (9) a re  s lowly  v a r y i n g  func-  
t ions  of  p o s i t i o n  i n s t e a d  of c o n s t a n t s  is i m p o r t a n t ;  
i n c i d e n t  w a v e s  o t h e r  t h a n  p l a n e  w a v e s  can  be  t r e a t e d  as 
well .  One  of t h e  m e t h o d s  of s o l u t i o n  of (8) is to  c o n v e r t  
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Fig. 1. Schematic drawing showing methods  of solution of 
equat ion (8). The upper  arrows and one of the lower ones 
are in the direction of the  incident  wave or of ko, and the 
other  lower one in tha t  of k h. The solutions at  P on the 
exit surface are determined by the  par t  of the incident  
wave falling between A and B, and can be calculated either 
by the me thod  of R iemann  functions or by successive 
numerical  calculations at  each mesh point.  

i t  i n to  s e c o n d - o r d e r  p a r t i a l  d i f f e ren t i a l  e q u a t i o n s  for  
Y'0 a n d  Vh, each  of wh ich  h a v e  a h y p e r b o l i c  f o r m  wh ich  
is capab le  of so lu t i on  by  t h e  m e t h o d  of R i e m a n n  func-  
t ions .  Th i s  m e t h o d  g ives  t h e  s o l u t i o n  a t  a p o i n t  P 
ins ide  or  on  t h e  ex i t  su r face  of t h e  c rys t a l  by  a sur face  
in t eg ra l  ove r  A B  (Fig. l) whe re  A a n d  B are  p o i n t s  on  
t h e  e n t r a n c e  sur face  such  t h a t  A P  a n d  B P  are,  respec-  
t ive ly ,  para l le l  to  k 0 a n d  kh. T h e  in t eg ra l  i nvo lves  T0(re) 
a n d  t he  R i e m a n n  f u n c t i o n  for th is  p a r t i c u l a r  p o i n t  P 
g iven  by  t h e  va lues  of Xh, ~ a n d  fla ins ide  t h e  t r i ang le  
P A B ,  a n d  i ts  de r iva t i ve s .  Th i s  r e su l t  is of t heo re t i ca l  
i m p o r t a n c e ,  s ince i t  shows  t h a t  on ly  va lues  of t h e  
a m p l i t u d e  of t he  i n c i d e n t  w a v e  fal l ing b e t w e e n  A a n d  B 
c o n t r i b u t e  to  t h e  w a v e  f u n c t i o n  a t  P ,  p r o v i d i n g  a 
t heo re t i c a l  basis  for  t he  c o l u m n  a p p r o x i m a t i o n  in t he  
e l ec t ron  case w h e r e  t he  t r i ang le  P A B  r educes  to  a t h i n  
c o l u m n  owing  to  t h e  smal l  B r a g g  angle .  E q u a t i o n  (8) 
is also capab le  of a n u m e r i c a l  so lu t ion .  I t  inc ludes  on ly  
t h e  d e r i v a t i v e s  ~Vo/~S o a n d  ~a/~Sh o u t  of fou r  poss ib le  
f i r s t -o rde r  ones .  Th i s  shows  t h a t  if we d iv ide  t h e  t r i ang le  
P A B  b y  a f ine m e s h  w i t h  axes  para l le l  to  k 0 a n d  ka,  
as s h o w n  in Fig .  1, t he  va lue  of Y'o a t  P ,  say,  is de t e r -  
m i n e d  b y  t h e  va lues  of V0 a n d  v/h a t  Q, a n d  t h a t  of V'n 
a t  P ,  b y  t hose  of  V0 a n d  ~h a t  R a n d  so on.  T h e  r e p e t i t i o n  
of th i s  p rocess  f r o m  the  t o p  su r face  A B  to  t h e  b o t t o m  
will  g ive  t h e  s o l u t i o n  a t  P .  

T h e  a u t h o r  w o u l d  l ike to  express  his  s incere  t h a n k s  to  
D r  A. R .  L a n g  for  his e n c o u r a g e m e n t  a n d  adv ice ,  a n d  
to  P ro f .  M. H .  L. P ryce ,  Prof .  F .  C. F r a n k  a n d  Dr  M. E.  
Fog l io  for t he i r  sugges t i ons  a n d  d iscuss ions .  F i n a n c i a l  
s u p p o r t  f r o m  t h e  E u r o p e a n  Office, Office of A e r o s p a c e  
I{esearch,  U S A F ,  is g r a t e f u l l y  a c k n o w l e d g e d .  
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T h i n  f i lms of t he  ru t i l e  m o d i f i c a t i o n  of t i t a n i u m  d iox ide  (100) sur faces  of TiC s ingle  c rys t a l s  b y  o x i d a t i o n  in air  
h a v e  been  g r o w n  b y  A s h b e e  & S m a l l m a n  (1962) on  t h e  a t  p r e s su re s  --- 10 -3 cm.  in t he  t e m p e r a t u r e  r ange  800 


